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Introduction — NMPC with terminal ingredients

NMPC problem formulation

T,
u;(-) = arg min/t 0(xe(s), ue(s))ds + F(x(t + Tp)),

()
subject to: Xy = f(Xy, Wy), X
u(s) eU, set,t+1),
Xy(t) = x(t),

U: input constraint set

AXy: terminal state constraint set

X': state constraint set

1Gr'Line and Pannek 2017; Chen and Allgéwer 1998
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Introduction — Stability conditions

Four conditions that ensure the asymptotic stability

2David Q. Mayne et al. (2000). “Constrained Model Predictive Control: Stability and Optimality”. In: Automatica 36.6, pp. 789-814. poI: 10.1016/
50005-1098(99)00214-9
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Four conditions that ensure the asymptotic stability

QO A closed, 0 € &y, and Xy C X
Q Vx e Xf, u|oc(x) eu
Q Vx e Xf, f(X, 11|OC(X)) € Xf

*

Q VxecXf, F(x,rp(x))+4(x,u0c(x)) <0
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Introduction — Stability conditions

Four conditions that ensure the asymptotic stability

QO A closed, 0 € &y, and Xy C X
Q Vx e Xf, u|oc(x) eu
Q Vx e Xf, f(X, 11|OC(X)) € Xf

*

Q VxecXf, F(x,rp(x))+4(x,u0c(x)) <0
o [F(x(k), moc(x)) — F(x(k))] + £(x(k), wioc(x(k)) < 0 (discrete)
dF

° E(f(x(f)) + 4(x(t), woc(x(t))) < 0 (continuous)

2David Q. Mayne et al. (2000). “Constrained Model Predictive Control: Stability and Optimality”. In: Automatica 36.6, pp. 789-814. poI: 10.1016/
50005-1098(99)00214-9
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Challenges

How to design such a terminal set &7

@ Chen and Allgower 1998 systemically solve an optimization problem to obtain a
terminal set with no systematic way to tune the size of set.

@ N. T. Nguyen, Prodan, and Lefevre 2021 employ the feedback linearization as the local
controller and construct the terminal set for multicopters.

@ Eyiiboglu and Lazar 2022 transform constraints into LMIs and solve them with
MATLAB.

@ Comelli et al. 2023 replace the terminal set with a pair of simpler inner-outer sets that
are unnecessary to be invariant.
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Motivation

How to (maximally) enlarge that terminal set?

@ De Don3 et al. 2002 use a saturated linear feedback controller as a local controller and
modify the terminal ingredients based on their new local controller.

e Cannon, Kouvaritakis, and Deshmukh 2004 use the concept of partial invariant sets
and solve offline linear programming problems to maximize their volumes.

@ Limon, Alamo, and Camacho 2005 compute the sequence of reachable sets using the
inner-approximations of one-step sets to construct a contractive terminal set.

@ Brunner, Lazar, and Allgower 2013 compute the terminal set as a convex hull of the
translated and scaled invariant sets along the predicted trajectory.
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Motivation

How to (maximally) enlarge that terminal set?

@ De Don3 et al. 2002 use a saturated linear feedback controller as a local controller and
modify the terminal ingredients based on their new local controller.

e Cannon, Kouvaritakis, and Deshmukh 2004 use the concept of partial invariant sets
and solve offline linear programming problems to maximize their volumes.

@ Limon, Alamo, and Camacho 2005 compute the sequence of reachable sets using the
inner-approximations of one-step sets to construct a contractive terminal set.

@ Brunner, Lazar, and Allgower 2013 compute the terminal set as a convex hull of the
translated and scaled invariant sets along the predicted trajectory.

Relying on optimization approach = computationally intractable.

\.
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Motivation

Semi-globally asymptotic stability

A system is semi-globally stabilizable® to an equilibrium point x. by means of a class F of
feedback control laws if, for any a priori determined compact set Xy of initial conditions,
there exists a control law in F that makes . asymptotically stable with a domain of at-
traction that contains Aj.

2 ‘-Xff:‘Bh:'XO:'Xh‘::‘Bfl ‘
10
0 -
—1}
-2 L L | L I I I
-3 -2 -1 0 1 2 3
3J H Braslavsky and R H Middleton (1996). “Global and Semi-Global Stabilizability in Certain Cascade Nonlinear Systems”. In: IEEE Transactions on

Automatic Control 41.6, p. 6. DOI: 10.1109/9.506242
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Multicopter dynamical model

o £ 2 [x,y,2]": 3D position

@ g: gravity

e (¢,0,7): Euler angles

o T € R,: normalized input thrust

°ox2 [{'T,ET}T € RO: state
o u=[T,¢,0" € R input
o f() 2T, AT (u,y)]T
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Multicopter dynamical model

o £ 2 [x,y,2]": 3D position

@ g: gravity

e (¢,0,7): Euler angles

o T € R,: normalized input thrust

°ox2 [{'T,ET}T € RO: state
o u=[T,¢,0" € R input
o f() 2T, AT (u,y)]T

u(t) ceU= {(T7¢a0) 0<T < Tmam "M: ‘9’ < 6max}a

Xe =0, u, = [g,O,O]T.
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Feedback linearization*

HFL(/Lg,l/J) £
@ 1. yaw angle
® g = [fas iy, 2]

[TFL(NE)a ¢FL(M§7 ¥), 9FL(M£= ¢)]T

T virtual control input

Tr(pe) \/uw + py + (e + 9)?

P8 () — pryc(¥)
\/u% +py + (e + 9)?

pac(y)) + My3(¢))
bzt g

Gri(pe; ) = arcsin

O (pe; 9) = arctan (

4 . N
Ngoc Thinh Nguyen, lonela Prodan, and Laurent Lefévre (June 2020).
. In: International Journal of Control 93.6, pp. 1266-1279. DOI: 10.1080/00207179.2018.1502474

Application”

Huu Thien Nguyen et al.

Multicopter terminal region enlargement

“Flat Trajectory Design and Tracking with Saturation Guarantees: A Nano-Drone
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Feedback linearization*

U (pes 1)) 2
@ 1. yaw angle

© jig = {1z, py, 2] o virtual control input

[TFL(NE)a ¢FL(M§7 ¥), 9FL(M£= ¢)]T

Tr(pe) \/uw + py + (e + 9)?

pas() — pyc(y)
VHR + K2+ (s + 9)?
pac(y)) + My8(¢)>

Gri(pe; ) = arcsin

O (pe; 9) = arctan (

\.

If . > —g:
X = Ax + B,ug,
with A = [ 025 s | and B = (035, T3]

Input constraint admissible set
Xe = {‘Nz‘ < Uy, ’,Uy‘ < Uya ’Nz’ < Uz}

Mzt g
4Ngoc Thinh Nguyen, lonela Prodan, and Laurent Lefévre (June 2020).
Application”

Huu Thien Nguyen et al.

“Flat
. In: International Journal of Control 93.6, pp. 1266-1279. DOI: 10.1080/00207179.2018.1502474
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Feedback linearization as a local controller in NMPC

Up (N&a V) = [TFL (M§)7 OrL (NE: V), O (N&; ¢)]T
with fig £ e, py, p12] T virtual control input with A — [

X = Ax + By,

O3x3 I3 :| and B = [03><3aI3]T

O3x3 O3x3
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Feedback linearization as a local controller in NMPC

Up (ME: V) = [T (M§)7 o (,U«Ea V), Ok (N§7 ¢)]T
: A T. i -
with e = [fta, fy, piz] ' © virtual control input

with A = [

X = Ax + By,

O3x3 I3 :| and B = [03><3aI3]T

O3x3 O3x3

8:0

pe = Xe + Kx ST KX = Woc(X) £ up (K, 9)
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Feedback linearization as a local controller in NMPC

uFL(,U{a V) = [TFL(M£)7 ¢FL(/~L§a V), 0FL(N§7 ¢)]T 2SS B,

O3x3 O3x3

: A T. i -
with e = [fta, fy, piz] ' © virtual control input with A — |:03><3 I } and B = [O3x3, I]T

xe=0
pe =X + Kx 7= Kx = Wec(x) 2 up (Kx,1))

x = (A+ BK)x = Agx

\.
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Problem set up — NMPC with terminal ingredients

Stage cost

((x,u) 2 [Ix — xc[|j + lu—ucl|k, QeS,,ReS}: tobe defined
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Problem set up — NMPC with terminal ingredients

Stage cost

((x,u) 2 [Ix — xc[|j + lu—ucl|k, QeS,,ReS}: tobe defined

Terminal cost

\.

Fx)2||x—x%, Pe SSL+: obtained by solving Aj P + PAg + M =0
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Problem set up — NMPC with terminal ingredients

Stage cost

((x,u) 2 ||x — x| + [lu—uellz, QeSS ,ReS}: to be defined

Terminal cost

F(x) 2 ||x — x||p, P €S%,: obtained by solving AP+ PAxg+M=0

| r

Terminal set

. 1 U2
Xy ={x € R%:x" Px <6}, with § = Ain(P)r?, r* = selzye) {Kgqﬁl(«%q}

Ngoc Thinh Nguyen, lonela Prodan, and Laurent Lefevre (2021). “Stability Guarantees for Translational Thrust-Propelled Vehicles Dynamics Through
NMPC Designs". In: |[EEE Transactions on Control Systems Technology 29, pp. 207-219. DOI: 10.1109/TCST.2020.2974146
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NMPC with terminal ingredients

Boundness of the FL local controller

vx € X = {x € RO : x" Px < 6}, with § = Ain(P)r?, 7% =

||u|oc(x) - ueH2 < XT(KTK + 2F)X

. U2
min TR
ge{zy,zy | KratKq,

6Ngoc Thinh Nguyen, lonela Prodan, and Laurent Lefevre (2021). “Stability Guarantees for Translational Thrust-Propelled Vehicles Dynamics Through
NMPC Designs". In: |[EEE Transactions on Control Systems Technology 29, pp. 207-219. DOI: 10.1109/TCST.2020.2974146
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NMPC with terminal ingredients

Boundness of the FL local controller

U2
q
2
Kgq +K dq

Vx € X = {x € RS : x" Px < 6}, with § = Ain(P)r?, 72

1 T
lN=—— K K
(_Uz + 9)2 AR
K,, 0 0 Kg 0
Ky=10 K, 0 0 Kg
0 0O 0 O 0

||u|oc(x) - ueH2 < XT(KTK + 2F)X

0
0
0

min
q€{z,y,z}

b

6Ngoc Thinh Nguyen, lonela Prodan, and Laurent Lefevre (2021). “Stability Guarantees for Translational Thrust-Propelled Vehicles Dynamics Through
In: IEEE Transactions on Control Systems Technology 29, pp. 207-219. DOI: 10.1109/TCST.2020.2974146

NMPC Designs”.
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NMPC with terminal ingredients

%F(f(x)> + £(x, woc(x)) = (XTPX + XTPX) + XTQX + (Woc(x) — ue)TR(uloc<X) —u)
<x"(A}P + PAR)x +x"[Q + Amax(R) (KT K + 2I)]x
=x" (AP + PAg)x + x' Q*x
e

=x'"( -M+Q)x<0

L

0o, u) =[x —xe[f) + [u—uell%, F(x) =[x — e[l

||uloc(X) - ueH2 < XT(KTK + QF)X
= [[Woc(x) — ue”%{ < Amax (R)|[Wioc (%) — ue||* < x " [Amax(R) (KT K + 2I)]x
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Explicit solution of the Lyapunov equation

Lemma (how to find M)

3 a square diagonal matrix M € S?H,
M = diag{mz, my, m., My, , My, My, },

and a symmetric matrix Q* € SfSH,

o [deE(Q1,. 01, Q1) dine(@5.,@3,,3.)
diag{@5., Q3,, Q5. diag{Q5., @3, Q4. )

where
Q* 2 Q+ Amax(R)(KTK +2T),

satisfying M > Q* > 0.

|

Huu Thien Nguyen et al. Multicopter terminal region enlargement
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Explicit solution of the Lyapunov equation

Sketch of the proof

o spec(KTK) ={0,0,0, K + K7 ,Kp + Kgy, K2 +K;} =K' K0
o spec(K,), Kuy) = {0,0,0,0,Kp + K3 ,K; + Kfly} = K] Ky =0=T3>0
o RESY = R=0= Anax(R) >0

= Amax(R)(KTK 4 2T') = 0
= Q* £ Q + Amax(R)(KTK +2T) = 0 (since Q € S, >~ 0).

Huu Thien Nguyen et al. Multicopter terminal region enlargement Nov 16, 2023
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Explicit solution of the Lyapunov equation

Sketch of the proof
o spec(KTK) ={0,0,0, K + K7 ,Kp + Kgy, K2 +K;} =K' K0
o spec(Kj,Kuy) = {0,0,0,0,Kp + K7 K +Kj} = Kj,Kuy »0=T30
o RESY = R=0= Anax(R) >0

= Amax(R)(K K +2T') = 0
= Q* 2 Q + Anax(R)(KTK +2T) = 0 (since Q € S, = 0).

Sketch of the proof (cont.)
Now, we want: M > Q* < (M — Q") =
We choose: mg > Q7 + (@5, | >0, my, > Q5 + \Q§q| >0
= M=Q" 0.

\.
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Explicit solution of the Lyapunov equation

Proposition (how to find P having a defined 1)

. . . . . . 6 .
The solution of the Lyapunov equation is defined as a symmetric matrix P € SY | :

Pé |:[P1] [Pg]:| _ [diag{Plx,Ply,Plz} diag{Pg,w,ng,sz}
diag{sz, ng, sz} diag{sz, ng, PQZ} ’

1 /Ky 1 K
P == a = Pq 1
14 2 (qu qu) q + 2qu qu, ( a)
m
Py — mg My, , = — Mq (1b)

for ¢ € {z,y, z}.

Huu Thien Nguyen et al. Multicopter terminal region enlargement Nov 16, 2023



Explicit solution of the Lyapunov equation

Lemma (eigenvalues of P)

The spectrum of the matrix P € Sf‘H composes of six positive eigenvalues:

spec(P) = {A1,, A2, 1 ¢ € {z,y, 2} },

where each pair of eigenvalues is explicitly given by:

1
{Aigs Ao, b = {2 (qu + P, £ \/(qu - P,)? +4P32q) },

and {Py, P>, P3, : q € {z,y,z}} are from (1).

Huu Thien Nguyen et al. Multicopter terminal region enlargement Nov 16, 2023
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Terminal region enlargement

Ellipsoid terminal set

Xp={xeR:x"Px <4},
with 6 = A\min(P)72.

.

Terminal ball

: minP
B = {xere| jx < 2D e

3
o

}ﬁ
=

Lemma

Bf C Xy.

Huu Thien Nguyen et al.

Multicopter terminal region enlargement

| [y By, o X=Xy 2 By |

7

3 2 1 0 1 2 3

Nov 16, 2023
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Terminal region enlargement

.

Ellipsoid terminal set

Xp={xeR:x"Px <4},
with 6 = A\min(P)72.

Terminal ball

|

: min P
By = {x eR | x|? < i()ﬂ}.

3
o))

}ﬂ
ﬁ

Proof

e x€cBy= Amax(P)[[%]1? € Amin(P)r?
o x € R® = x| < Amax(P)1x]1?

= %1% < Amax(P)[[%[1* < Amin(P)r?

= Bf - Xf

Lemma

Bf C Xy.

Huu Thien Nguyen et al.

Multicopter terminal region enlargement

o [mmXp 2By, o X=Xy = By, |
1,

1 2

)

Nov 16, 2023 21



Terminal region enlargement

qu = kpa qu = kda mqg — mi, qu — ma, Vq € {l’,y,Z}-

= Amin(P) =

min {)\lqa>\2} Amax(P) = max {A1,, Az, }-

q€{z,y,z} qe{z,y,z}

Huu Thien Nguyen et al.
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Terminal region enlargement
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Terminal region enlargement
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Terminal region enlargement
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Terminal region enlargement

Huu Thien Nguyen et al.
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Terminal region enlargement

Proposition (infinity radius)

The radius of the ball B can be enlarged to infinity with appropriate feedback gains

Ky, Kq, and the matrix M satisfying the previous Assumption.

o |mmXy, By, Xymm Ay e By ‘

| |
Huu Thien Nguyen et al. Multicopter terminal region enlargement Nov 16, 2023 27



Terminal region enlargement

Sketch of the proof

—ok3k, — k‘g + 214:20 — kyo?

lim == lim C
(Kp.ka)—(0~,07) (kp,ka)—(0-,0-) o2 (k2 4 k3)
2 3 2
—okgk, — kp + 2kpa >0
. —k
lim 5 = 5 = +00
(kp-ka)—(0-,07) k2 + k
when k:g — 0 faster than £, — 0.
Multicopter terminal region enlargement Nov 16, 2023
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Terminal region enlargement

Proposition (semi-globally asymptotic stability)

Suppose that the Assumptions are satisfied, the ellipsoid X’y can serve as the terminal
set for the NMPC problem to achieve the semi-globally asymptotic stability.

o |mmXp B Xymm Xy o By |
1
| ’

1l 7

-9 \ \ \ \ \

| |
Huu Thien Nguyen et al. Multicopter terminal region enlargement Nov 16, 2023
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Semi-globally asymptotic stabilizing NMPC — Algorithm
data The compact set X contains the equilibrium state x., U; (¢ € {z,y, 2})
Calculate 79 = d(xe, Xp)
Choose @) € SL, R e Si
Construct K and calculate I' by solving 7 > g for kj,, kq < 0, with:
7 = compute_r_bar(k,, kq)
0 Calculate Q* = Q + Amax(R)(K T K + 2I')
@ Specify M = Q*
© Determine P in the terminal cost as a function of &y, kq, m1, and mo

. U2
0 Calculate 2 = min { }

q€{z,y,2} W
0 Calculate the radius of By: 72 =
Construct the terminal set X't
return P, Xy
Choose the MPC prediction horizon T» which guarantees the recursive feasibility

0000

Amin (P) .2
Amax (P)

Solve the optimization problem
result NMPC solution @}

Huu Thien Nguyen et al. Multicopter terminal region enlargement Nov 16, 2023
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Simulation scenarios

@ Scenario 1: quasi-infinite MPC (gsMPC-Chen and Allgéwer 1998)
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Simulation scenarios

@ Scenario 1: quasi-infinite MPC (gsMPC-Chen and Allgéwer 1998)

@ Scenario 2: the initial state is outside of the terminal set’
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Simulation scenarios

@ Scenario 1: quasi-infinite MPC (gsMPC-Chen and Allgéwer 1998)
@ Scenario 2: the initial state is outside of the terminal set’

@ Scenario 3: the initial state is inside the terminal set’

7Huu Thien Nguyen, Ngoc Thinh Nguyen, and lonela Prodan (Jan. 2024). “Notes on the Terminal Region Enlargement of a Stabilizing NMPC Design for

a Multicopter”. In: Automatica 159, p. 111375, DOI: 10.1016/j.automatica.2023.111375
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Simulation parameters

Parameters Scenario 1 (gsMPC) | Scenario 2 (outer) | Scenario 3 (inner)
Q R 10Ig, I3
(kp, ka) (—2,-2) (—2,-2) (—0.75,—0.75)
max{Q;, + Q3. [} - 18.2103 11.1546
max{Q5, + Q5 [} - 18.2103 11.1546
M - M = %5 sor, M = | ”5° yor,
P Fys P = 3501{53 150?3 P= ?28;2 ﬁ%ﬁ
r - r = 0.3845 r = 1.0253
T - 7 =0.2045 7 =0.7111
K, Q 0.95, 0.0687 - -
T, 1.9s (19 steps) 1.1s (11 steps) 0.2s (2 steps)

U={0<T<2g, |¢] <10° |0] <10°}
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Simulation results

0.8
0.6

0.4

Position [m)]

‘:'332/]// ‘:'2% :'Lg?//f
Uy T 3Y T2ty oY=ty — Y
"t 83Uy — 32t U, — 220t gV, — 12

—08 =0.6 =04 =02 0 02 04 06 08
Velocity [m/s]

The trajectories projected onto the y — 2 plane.
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Simulation results

0.8
0.6
0.4
T 02
=
2 0
=
i3
T —02
—0.4
o6l =32y =22y =2y
=3Uy — 3Y="2Vy — 2y 10Uy — 1Y
IO S Pt E L Sl K2 it L2

—08 =0.6 =04 =02 0 02 04 06 08
Velocity [m/s]

The trajectories projected onto the y — 2 plane.

Scen. 1 Scen. 2 Scen. 3
vol (Xf) 4.3766 x 10710 0.0025  2.0028
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Simulation results

Scen. 1 Scen. 2 Scen. 3

— o1 1 2 27 25 1.8
NG > | 3 28 >
> 03} | Y :

—0.4 z 3.1 2.8 4.7

Table: The 2% settling time (¢ [s]).

Multicopter actual motion for the 3 scenarios.
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Simulation results

= 53 — v, —a0,—30,] Scen. 1 Scen. 2 Scen. 3
E 030 1.5x | Uy 2.8 2.6 2.1
S I vy 3.1 29 2.4

Uy 33 3.0 4.3
| Table: The 2% settling time (¢, [s]).

Multicopter velocity for the 3 scenarios.
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Simulation results

S0
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o
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[ —10—20—39|

*

0 05 1 15 2 25 3 35 4 45 5

Time [s]

Multicopter control inputs for the 3 scenarios.
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Simulation results

a7 10 1
=% —1T—5T—5T| ]
SIEE |
10
= 1 ]
S 5| —10—20—30 ]
10
= I |
— 0
~10 | I | | | | |

0 05 1 15 2 25 3 35 4 45 5 55 6
Time [s]

Multicopter control inputs for the 3 scenarios.

Scen. 1 Scen. 2 Scen. 3
Energy E [m?/s%] 588.6654 588.9833 588.3076
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Simulation results

é" g 1504—9—CT 1-e-CT 2-e-CT 3— Mean CT 1—Mean CT 2— Mean CT 3
Ea M a A Peg a___A 208 g A R
“31007 555D WWWWWM 7 ¥ ¥ Y
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";3 5 WM PN oo, A oA
E Q‘ 507 A O A a-acs ha-ad a a:acg A= h
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8 9 P -2-ON e -y oo e

0005 1 15 2 25 3 35 4 45 5 55 6

Simulation time [s]

Calculating time in the 3 scenarios.
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Simulation results

g g 1504—9—CT 1-e-CT 2-e-CT 3— Mean CT 1—Mean CT 2— Mean CT 3
Ea M a A Peg a_A 2ea 5 A
“31007 555D Wwwwwww 7 ¥ ¥ Y
a7
?3) 3 WM PN oo, A oA
E Q‘ 507 A O A a-acs ha-ad a a:acg A= h
'i‘) —_~
8 5 P -2-ON - -y e e

0005 1 15 2 25 3 35 4 45 5 55 6

Simulation time [s]

Calculating time in the 3 scenarios.

Scen. 1 Scen. 2 Scen. 3

CT [9] 7.0285  4.0765 1.1786

CT per step [ms] 115.2216 66.8271 19.3211
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Discussions and Future work

@ An NMPC scheme for multicopters with semi-globally asymptotic stability

@ The size of the terminal set is easily modified

Huu Thien Nguyen et al. Multicopter terminal region enlargement Nov 16, 2023

40



Discussions and Future work

Discussions

@ An NMPC scheme for multicopters with semi-globally asymptotic stability
@ The size of the terminal set is easily modified

Future work

@ To explore full 6-dimensional scenarios (6D ellipsoids)

@ To solve the trade-off between the size of the terminal set - the prediction horizon
- the convergence time

| r
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Explicit solution of the Lyapunov equation

Sketch of the proof (cont.)

Now, we want: M = Q* < (M —Q*) =0
XT(M - Q)x = Z [(mq — qu)QQ + (M, — Q2 ) 2Q3quq] 0
qc€{z,y,2}
& (mg — Q1,)q* + (mu, — Q5 )02 — 2Q5 qug > 0, Vg € {z,y, z}
mg — QF —Q3
& M .| =0, Vged{z,y,z2
[ Qs e, - O, q € {z,y,z}
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Explicit solution of the Lyapunov equation

Positive semi-definiteness (Gantmacher

A quadratic form is positive semi-definite iff all the principal minors of its coefficient
matrix are non-negative

Sketch of the proof (cont.)

[mq —Q1, —Q3, ] =0, Vg € {z,y,z2}

Qs e, - O,
& my = Qf, 2 0.mu, — @3, > 0. (mg — @3, (me, —Q3,) > @57, Va € {,,2)
From calculation: {Q7 ,Q3, > 0:q € {z,y,2}}
We choose: mg > Q7 + (@5 | >0, my, > Q5 +|Q35,[ >0
=M >Q" > 0.
Multicopter terminal region enlargement Nov 16, 2023 45




Explicit solution of the Lyapunov equation

Sketch of the proof (cont.)

Element-wise product
{0 [Kp}} {[Pll [P3]] + {[Pll [P:ﬂ { 0 I3 }
I3 [Kd} [P3] [P2] [P3] [PQ} [KP] [Kd] ail a1 ... Glp 7
A= a21 a2 ... azn
[m] 0 | _ I Lo
+|: 0 [mv]:| =0 aml Gm2 .. Gmn
bi1 bi2 ... bin
Q[Kp] o [PS] + [m] = 07 B . bo1 bas ... ban
= 4 [P1] + [Kp] o [P2] + [Kd] o [P5] =0, B
2[P3] + 2[K4] o [P3] + [ms]  =0. bt bz e b S
ai1bir  ai2bi2 a1nbin
_ a21b21  ag2b22 a2nban
0 0 2K,)] [P m AoB =
= 0 Q[Kd] 2I3 P2 == My aml.bml am2.bm2 amn'b'mn
Iy [Kp] [Kd] [Ps 0 - J
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Explicit solution of the Lyapunov equation

Sketch of the proof

det(P — M) =0
= NIz = A([P1] + [P2)) + ([P1] o [P2] — [P3] o [P3]) = O

:>{AZ_)\(qu+P2q)+(P1qP2q—P:;)Zq):():qE{x,y,Z}}

1
= {A1,, 20, } = {2 (Pr, + Po, & \/ (P, — Po,)2 + 4P} ) } ¢ € {r.y.2}
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Explicit solution of the Lyapunov equation

Sketch of the proof (cont.)

{3 = \Py, + Po,) + (P, Py, — P) =0: g € {z,5,2}}

mq(Kgq — Kp, +1) + qu(Kgq - Kp,)

)\1q+)\2q:P1q+P2q: 2Kp Xy >0
2 g 2 12
—myg + mgmy, (2Kp, — K ) —m; K
M Ao, = P P, — p32q - q4Kp qu q i P
a q

= A1, and Ao, are positive = P = 0

Huu Thien Nguyen et al. Multicopter terminal region enlargement Nov 16, 2023
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Terminal region enlargement

1 (ke 1 1 ky—1 kg 1 1 ) <k +1 2y
Amin(P) =>4 (24 _ 2 | + (2= e T it + —m?
min (P) 4{<kp K kpkd> m ( K )mﬂ\/{(kp ka kpka) ke )™ T R™M

Define 0 = my/ma = o > 0

Let v (kp, kg, 0) & (kG —kp+ 1) o+ k2 — ky F \/[(k:g—kp— 1) o+ k2 + ky)* + 4k202

. 2.
o 72— Amin (P) P2 = v—(kp, k4, o) P2 — V- (kp, ka, o) % 2Umm ;
Amax(P) Y+ (kp, kq,0) V4 (kp, ka,0) K2+ k5

with U2, & min {U?
q€{zy,2} { 1 }
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Quasi-inifinite MPC (Chen and Allgower 1998) — Algorithm
Q data f, %, u,
Calculate Ays = g—){(xe,ue) e RO*6, B, = %(xe,ue) € R6x3
Choose the feedback gain K, € R3*¢
Calculate Ag,, = Ags + BgsKys
Choose « satisfying 0 < k < —Amax(AK,,) (Chen and Allgower 1998, eqn. (10))
Choose Q € 8% ,, Re S}
Solve a Ricatti equation for P;s (Chen and Allgéwer 1998, eqn. (9))
Find the largest a; > 0 such that Kx € U for x in x' Pysx < a3
Construct the terminal invariant set X, :

Xp,. = {x € R | x Px < ),

00000000

with @ € (0, ay] is a solution of an optimization problem:
A :m}?x{xTqu [f(x,u45) — Ag,, x| — kix ' Ppex},
st. ug €U VX E Xy, xTqux <a, ALO.

@ result Xy
Huu Thien Nguyen et al. Multicopter terminal region enlargement Nov 16, 2023
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Simulation parameters
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