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0 Distributed MPC versus centralized MPC

(Complexity of the centralized solution of NMPC A

problems for medium- and large-scale systems
» Complexity of the NLP problem;
» Topology of the plant and data communication;
\_ » Large number of decision variables. W,

I

/ Advantages of the distributed solution of \
NMPC problems

» Reducing the original, large size, optimization problem
into a number of smaller and more tractable ones;

» Allows the systems to solve autonomously their local
optimization problems (coordination required for
oglobal optimization).




Methods for distributed/decentralized MPC
of interconnected systems

e

N\

coupled constraints | coupled dynamics

L

Distributed
non-cooperative MPC
= communication

between the local
controllers

= optimization of local
costs

strong
coupling

Distributed
cooperative MPC
= communication

between the local
controllers

= optimization of global
cost

weak
coupling

Decentralized
MPC

" no communication
between the local
controllers
= optimization of local
costs




l System

» Subsystem 1

MPC i

» Subsystem 2

Centralized MPC
(Christofides et al. (2013))
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Decentralized MPC
(Christofides et al. (2013))
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Distributed non-cooperative MPC
(Christofides et al. (2013))
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(Christofides et al. (2013))
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Focus

Distributed cooperative MPC
for nonlinear interconnected systems:

» coupled dynamics;

» decoupled state and input constraints;

K> optimizing global cost function.




a Application of Gaussian processes to the
modeling of complex dynamic systems

Preliminaries on modeling with Gaussian processes
(Rasmussen & Williams, 2006)

y=f(2)+g

zeR? y e R, & — stochastic noise

Gaussian Process
(a collection of random variables which have a
joint multivariate Gaussian distribution)

/N

mean covariance



Gaussian Process is specified by:

U(z) (usually ¢£(z) =0) — mean value
2, =Cov(y(p), ¥(q)) = C(z(p),z(q)) — covariance function

Covariance function :

C(z(p), 2(g)) = v, exp —%Zw,- (D) -z (@) |+ 75,
B =1

'"Hyperparameters' of the covariance function :

O =|w, ...,Wp,Vy, V|

/

obtained by maximum likelihood optimization



Given a data set :

Z=[2(1),2(2),...2(D)]" , ¥ =[y(1), »(2), ... , y(L)]

L L . .
K € R*** — covariance matrix

ﬂ

Estimate the probability distribution of:
y |z ,(Z)Y)

ll

E{y y=uz)=c(z)' K'Y

varly'} = 022 = o) =) K e ) ey




c(z)=[C(z(1),z), ..., C(z(L),z")]" — vector of covariances
between the test and training cases

c,(z)=C(z",z") — the covariance between the test input
and 1tself

Gaussian processes can be used for modelling of
dynamic systems

!

Autoregressive (NARX) model :

z) =[Pt =), ....,pt=D,u(t=1), ..., u(t=DT"
y(t) = f(z(t) +n(1)




t — consecutive number of data sample
[ — given lag

11(t) — prediction error

Quality of prediction :
I & n .
ASE =— 2 [u(3D) =y
i=1

[u(P(@) - y ()T

1 L 2 nps
LDE = Zglog(%)ﬂog[cf (y(@)]+ o2 )




(Petelin, Grancharova, Kocijan, 2013)

Input z

Using GP models: in addition to the prediction mean value (full line), we obtain a
95% confidence region (dotted lines) for the underlying function 1.



Gaussian processes based model of interconnected
dynamic systems

Stochastic system

[ /1\ [

subsystem >| subsystem >| subsystem
1 i M

Ix, [x [

i -th subsystem :
x,(t) e R" — state, u,(f) € R™ — control input




Overall system :
x(0) =[x (1), %, (), ., D] €R" , n= ) "
u(t) =[u, (1),uy (0), ... ,up D] €R™ ,m=>"" m,

Uncertain nonlinear discrete - time models :
X; (t+1)= hl- (x(?),u(t))+ é‘i(t), i=1.. .M
N )
Y

coupled dynamics

(2)

h.(x(¢),u(¢)) — nonlinear continuous function

& (t) — Gaussian disturbances



Assumptions:

« known topology of interactions between
subsystems;

* uncertainty about the functions /; and the
disturbances ¢, i=1, ... , M.

Nonlinear discrete - time models :

yi(t) — hi(Z(t))+§i(t)9 i: 19 9M

y.)=x0+1),i=12,...,.M
z(t) = [x(¢), u(?)]

(3)




Givena data set :
Z =[z(0),z(1),...,z(L - 1)],
Y, i =1y ;0,y, D,y ;(L=D]i=1, ..M, j=1,....n

ﬂ

Relationship (3) is approximated with Gaussian processes

with distributions :
Yi,l NN(O, El,l ) ) Yl,2 NN(O, 21,2 ) 9 soe o Yi,l’li NN(O, Zi,ni )
i=1L2,.... M

Known covariance functions:
2, =Cov, (y,;(P)ry. (q)=C, (z(p),z(q))
i=1,..,.M;j=1..,n; p,q=0,1,...,L-1




Probability distribution of the output y,(L) =[y; (L), ..., y; , (L)]

corresponding to a new input z(L) :

Vi DL, (Z, Y N (33, (L)), 07 (311 (L)))

yi,ni (L)|Z(L)9 (Z’ Yi,nl. )NN(:u(yi,ni (L))9 0-2 (yi,nl- (L)))
i=12,...,.M

1y, (L)), o’ ( Y, ; (L)) — mean and variance of y, .(L)
i=12,..M
j=12,...,n




Introducing :
py, (L) = [p(yi, (L)), oo s (i, (L))]

o2 (L) =[0" (7, (L)), . . & (v, (L))
Y, (Y7, ¥, ]

I,n

The relation (3) is represented :

y(D)zL),(ZY )N (u, (L),0, (L), i=12,....M

!

Multi - step ahead prediction :
Y (L+B)z(L+k),(Z,Y N (u, (L+k),0, (L+k))
i=12,....M,k=0,1,.. N-1

N — prediction horizon



GP -based prediction models of the subsystems :

2
xi,t+k+1|t | xt+k\t 9ut+k NN(/J()CZ.’HHW), o (xi,t+k+1\;)) (4)

i=1,2,....M,k=0,1,..,N-1

The 95% confidence intervalof x,, , , :

[lu(xi,HkH\t) - 20(xi,t+k+1|t ); ﬂ(xi,t+k+1|r) + 20(xi,t+k+1|t )]

Predictions of the mean values are represented as :

/u(xz‘,t+k+l|z) — E{fGP,i(xt+k|t9ut+k)} (5)
i=12,....M,k=0,1,..,N-1

Jap.i (X oxe o U0 ) — defined by the GP model (1)



Constraints :

xW)eX ,u)eld,i=L2,...M

N— _
—~

decoupled constraints

Assumption :

Al. The admissible sets & and U/, are bounded polyhedral sets:
X, =1{x eR"| Cx; <dj'}
U ={u; eR™ [ Cl'u; < d'}




Q Distributed cooperative MPC based on
Gaussian process models

Formulation of centralized GP-NMPC problem

Optimal regulation problem

Overall state at Set - point :

the current time 7 :
> Xy = [xl,sp,xz,sp, ,xM,sp]

X =[X,X55 e y X ]



Problem P1 (Centralized GP-NMPC):

Vo (X) = mUinJ(U,)_c)

subject to x,, =x and:
H(X ) —20(x )X s i=Lo M, k=1..,N
M ) T20(x )X i=Lo M, k=1,..,N

., €U i=1,..,M,k=0,,.,N-1

2
xi,t+k+1|t | xt+k\t 9ut+k NN(:u(xi,t+k+l|t)9O- (xi,t+k+1\t))

i=1,.. . M,k=0]1,..,N-1
Xivklr = [xl,t+k|t9x2,t+k|t9 9xM,t+k|t]9 k=0,L...,.N

ut+k :[ul,t_i_k,l/lz,“_k, coe ’MM,t+k], k — O,l,...,N_l



Optimization variables :
U= [utﬂutﬂ? 9”1+N—1]

Global cost function :

J(U,X) = ZJ(U X) = ZZ!(#(xmkV)umk)

i=1 k=0
2 2
Ii (ll’l(xi,t+k|t)’ui,t+k) :H lu(xi,t+k|t) ~Xisp ||Ql- T H Uitk —Uisp ||R,-
Weighting matrices :

0O,R >0

u;, — the steady state value ot the control input

of the subsystem corresponding to X; o




Distributed cooperative GP-NMPC by using

dual decomposition
(Grancharova & Johansen, 2014, 2016, 2018)

1) Approximation of the GP-NMPC problem
by a linear MPC problem

GP -based prediction models of the subsystems :

/u(xi,t+k+1|t ) = E{fGP,i (‘xt+k|t U )
i=12,.... M, k=0,1.. N-1

Deviations from the set - point values :

~ ~

Xitvk = Xk — Xigpo U

k=0,1,... N-1,i=1,..,.M

itk — Wi Ui




GP -based prediction models :

lu(jzi,t+k+l\t ) = _xi,sp T E{fGP,i (iz+k|t +xSP ? ﬂt+k +usp )} (6)

k=0,1,.., N-1,i=1,....M



Given trajectories of the deviated control input

and the mean of deviated state at time 7 :

S0 _ r~0  ~0 ~0 >0 _r~0 ~0 ~0
Ui _[ui,t>ui,t+19"°9ui,t+N—1] > Xi _[x', xi,t+1|t”"9xi,t+N—l|t]

The nonlinear models (6) are locally approximated

by linear models about the point (U, X)) :

M
/u(jzz',t+k+l) — E{Z (Az'j,t+kaj,t+k +Bij,t+kﬁj,t+k) + gi,t+k} (7)

J=1

k=0,1.. N-1,i=1 ..M



Linear time - varying approximation of the original model :
1] t+k v fGP i (xt—l—k|t + xsp > ﬁH—k + usp)

_ ~0
yt+k Vi fGPz(xt+k|t_|_ KXepos Uiy ‘|'”sp)

~0
itk = E :( i, t+kxj ox B i, r+k’/‘] H—k) + fop z(xH—k T Xy Uy g —I_usp)

k=01,..,N—1,i,j=1,..,M

~0 0 ~0 ~0
Ui = [”1 PN Thvl KXkt = [xl,t+k|t’ 9xM,t+k|t]



Assumption :

A2. The standard deviations o(x; 4., ) predicted

with the GP model (4) satisty:

O-(xl,t+k+1|t) S Umax,i ’ i: 1, oo ,M, k — O, cee ,N_l

where(o =1, ... are known.

interpreted as the upper bound on
admissible trust in model predictions




Tightened constraint sets (as in Giselsson & Rantzer, 2014) :

(1-0)X ={x, eR" | C'x, <(1-0)d;}

1-0U ={u, e R" | C'u, <(1-0)d"}

0 €(0,1) — relative constraint tightening

ﬂ

Tightened constraint sets of the state and the control input

deviations from their set - point values :

=% eR"|C'% <(1-8)d" - C'x, )}

{ 1 771,Sp
U, = (i, e R™ | C'd, < (1-6)d} —Clu, ,}

i L,sp




Problem P2 (Centralized MPCOC):
V(") = minJ(U, ")

~0 )
s.t. X, =[x m,xz gi> e s Xpp g ] AN

u(F ) =200 €& izl M, k=1,.,N

~

u(F Hk|t)+2 i €X L i=1 M, k=1,..,N

l

Z/{ yi=1.,.M,k=0,1,..,N -1

lt+

lLl(Xl t+k+1) E{Z( ij, t+kx],t+k +Bij,t+kﬁj,t+k ) T gi,t+k}

k=0,1..,N-1,i=1.. .M



Optimization variables :

~/

U = [ﬁt’ﬁt+l’ 9ﬁt+N—l]

Global cost function :
J(U ~0N\ o ~ 2 ~ 2
> X ) - ZZ[” /u(xi,t+k|t) ||Ql. + || ui,t+k ||Rl-]
i=1 k=0

Weighting matrices :

QO,R >0




2) Representation and solution of the linear MPC problem
as a distributed Quadratic Programming problem

Stacking all decision variables into one vector :

S = [zu(jzl,tﬂv )9 i’zl,t > :u(jzl,t+2|t )9 ﬁl,m—l >t /u(jzl,t+N|t )9 zZl,z‘+N—1 >

ILI(')’EMJ—FHZ‘)?Z’/ZM,Z‘911'1(')’EM,1+2|Z‘)9Z:ZM,Z‘+17 Dﬂ(jZ‘M,t+N|t)9izM,t+N—l]

M
SeR™ , ng = ZN(nl. +m,)
i=1




Problem P3 (QP problem):

V(') = min— S 7S
s 2

st. AS=Bx"-G
CS<d

H =diag{H,,H,, ... ,H,}

A=[4|4,]..|4,1", B=[B,|B,|...|B,, 1", G =[G,|G,]| ... |G, |"

C = diag{C,|C, | ...|C, }, d = diag{d,|d, | ... |d,,}



~,

For the i -th subsystem :

0 R

-~
N elements

= o 0
H =diagW. W, .. Wi, W =

Ai’l’l 41 Av‘,l,M _Ail,t —4;,, —Ay
_| A Airn Arv |5 | 0 0 0
= : : : B, = .
_AiaN—Ll Aivaa 0 Aivam _ 0 0 ak 0

i,k,j>

A4y, 45,5 ... ,4,, , are the matrices 4,

k=12,..,N—-1, j=12,...,M depend on the matrices
A; . and B, of the linear model (7)

y

for k=0, j=12,...,.M

ij ,t+k




For the i - th subsystem :

— T
Gi T [gi,tﬂgi,tﬂ? et gi,t+N—1]

= 0
C. =dia Cx,u ,Cix,u, ,Cix,u : Cix,u _ i
| g{\ l J} |: 0 Clu:|

g
N elements

d, = diag{d"",d*", .., d""}, d*" =[d’,d"']

l

-~
N elements



The QP problem P3 is solved distributedly by
applying the dual accelerated gradient
algorithm in Giselsson et al. (2013)

@

The distribution is enabled by solving the dual
problem to problem P3:

» introducing dual variables A e R" for the equality
constraints;

» introducing dual variables 7 R for the inequality
constraints;



Dual problem:

max D(x°, A,7)

A,n=>0

Dual cost function:
. 1 - — — = —
D(x°,A,n) = —E(AT/’L +C'n)' H'(A4'2+C'p)

~A'Bx'-G)-n"d



Decision variables, associated to the i - th subsystem :
(enables distributed iterations of the dual accelerated

gradient method)

Si — [ﬂ(ii,tﬂv)’ﬁi,t’ﬂ(ii,ﬁz\t)?ai,tﬂa 9ﬂ()~ci,t+N|t)9ﬁi,t+N—l]

Dual variables:

> 1 R forthe equality constraints;

> 1, €R“ for the inequality constraints;




Distributed iterations of the dual accelerated

gradient method (Giselsson et al. (2013))

S’ =-H (ZAZTA’” +C'nl)

iteration number \
— r—1
ro__ b@) r r—1
— M + (Si _Si )

A=A+ (z" A 1)+ (4S" —(B% —G.))
v 2 — Lipschitz constant to the
gradient of the dual function
r+1 r r—1 r r—1 1 = ar 7
n;, =max (0,7, + (n, —n; ) +—(C.S; —d,))
r+2 L

i=12,...,.M



H.,4,B,G,C., Z]’: , d. — related to the i — th subsystem

in problem P3

L= H[ZT C'T"H'[4",C" ]H — the Lipschitz constant
to the gradient of the dual function

r — the iteration number




Remarks:

» Because of the couplings in the dynamics models of the
subsystems, the computation of the decision variables S; for the
I-th subsystem requires to have information about the dual
variables ;" for the whole system.

> The update of the dual variables A, associated to the i-th
subsystem uses the information about the decision variables S’
for the entire system.

» Since there are no couplings in the control input and state
constraints of the subsystems, the update of the dual variables 7;.
for the i-th subsystem requires information only about the
decision variables Ef for this subsystem.




3) Algorithm for distributed GP-NMPC by sequential
linearization and distributed Quadratic Programming

ﬂ

Based on the search for the Nash equilibrium
between the interconnected subsystems by applying

the distributed iterations
(modification of the distributed deterministic NMPC algorithm in
Grancharova et al. (2016))

The 1terations terminate if:
|J.U,,x)-J.(U,,x)|<e, Vi=1 .., M

U,, U, — the control input trajectories for the subsystems
obtained 1n two sequential iterations in the outer loop
J.(U,,x), J,(U,,x) — the local cost function values



Algorithm:

1.Given ¢, R and & . Let t =0, U(f) =[y,.u,, ..., u,].
2. Let the state at time ¢ be x =[x, ....x,,] .

3. Compute the state mean trajectory (X (#)) corresponding to
mitial state x and control mput trajectory U(z) by using the GP
model (12) and the associated local cost function wvalues

Joow: =S, x), i=1,... .M 1n (22). Form the vector S(z) of
decision variables.

— 4. Do
3. gy T ey i= b M

6. Obtain a lineanzed model (26)-(27) of the model (12) around
the trajectories (L7 (), (X (1)) .

7. [ For »=0,1, ... K do

s. If »=0 then

9. Initialize iterations (46)-(49) with S~ =580,
A=a"1=0.7"=n"=0.

10. else

11. Let S™' =8, AT = A AN =A™ . gt st ot =am,

12. end




13. Run (46)-(49) distributedly by commumcating S, and A,
i=1, ... M between interconnected subsystems and obtain
S7 ., AT »™ for the overall system. Extract IJ7 from S” .
14. Lend

15. Let U(H)=U*%,

16. Compute the state mean trajectory #(X (#)) corresponding to

1mmitial state x and control input trajectory U7(#) by using the
GP model (12) and the associated local cost function values
Joew: = H L, x), i=1, ... M 1n (22). Form the vector S(z) of
decision varniables.
17. while Nash equilibrium 1s reached
(|J e B Sl M )

newr, §

18. Apply to the overall system the input w(f)=[7 0 ... 0O]JL7{z).
19. Let r=¢+1 and go to step 2.



Communication between the distributed MPC controllers

AT | A1 | A5 115
PR
Update of |_ ! Update of | ! Update of
Sla E’” ﬂzr i S29 527’ ﬂg i S39 §3I’
S S5 A
S | S5 : S5
v =, : v -, : v
Update of S i Update of 5 i ,| Update of
/119 m < ' j*29 n < ' j*37 n3
l S, ! l S; l
21r+1 nr+1 i 2/£+1 775+1 i 2{+1 77r+1
| 1 ) 1 o 3
Distributed MPC '  Distributed MPC ‘'  Distributed MPC
controller 1 : controller 2 : controller 3



Q Numerical Example

System description - combined sewer networks
(Marinaki & Papageorgiou, 2005; Schutze & Beck, 2002)

» collect domestic and industrial sewage as well as rainwater
drainage;

> distributed systems that consist of pipes, sewer stretches
(in-line storage), retention reservoirs (off-line storage) with
overflow capabilities, and nodes for merging of flows from
different catchments;

» at rain events, the whole retention capacity of all reservoirs is
used; during dry weather conditions, the sewer storage
capacities can be used for the smoothing of peak discharges
towards the wastewater treatment plant.



The concept of interacting reservoirs for simplified modelling of
relatively flat sewers where backwater phenomena may occur

¢,



First-pricnciples model

Mathematical model :

$, % =k ()~ (D) + 4 (0

N AGRXGEAG

T — the continuous time

h , h, — the heights of liquid in the tanks

S,, S, — the cross sectional areas of the tanks
¢, ¢, — the volumetric flows

k, — valve characteristic



Discrete - time model :
h(t+1) = h ()= (T, / Sk B () = by (£) + (T, /S, (1)
Iy (t+1) = hy (6) +(T, / S,k [ (8) = by () = (T /S,) ¢, ()

t — discrete time, 7. =1 min — sampling time
S, =2.3130m’, S, =2.1048 m’
Control inputs :
u(t) =9, (1), k (1)]
States :

x(t) = [ (2), h,(2)]

Stochastic disturbance :

(1) = (T,/S)¢ (1)




Subsystem1 :

X, (t+1) = x,(£) = 0.4323u, ()X, (£) — x, (£) + v(¢)

Subsystem 2 :

X, (t+1) = X, (1) +0.475 11, (£)y)x, (£) — X, (£) — 0.475 1, (¢)

v=N (0, 0.02°) — Gaussian disturbance

Control goal: maintain the level of sewage in both tanks

with minimal deviation from the set-point despite of
input flow variations




Gaussian process model

Gaussian covariance function :

C(z(¢,),2(2,)) =V exp{—%Zwi (z,(t,)—z(¢, ))2}

GP -model of subsystem1 :

2
xl,t+k+1\r | Zt+k\tNN(:u(xl,z+k+1|r)9o- (xl,r+k+1\t))

Ziowy = X0 inier Xoones Yrpene s £=0,1, .., N =1

Estimated hyperparameters
(based on 1000 training samples) :

O =[w!, w!, w!, v']=[0.4275, 0.1989, 0.0005, 1.0167]



GP -model of subsystem 2 :

2
xz,t+k+1\r | Zt+k|tNN(:u(x2,t+k+1|t)>O- (x2,t+k+1|t))

z = ['xl,t+k\t9 Xo ikt Wiiakpes uz,t+k\t]9 k= O? 19 9N—1

t+k|t

Estimated hyperparameters :
@’ =[w’, ws, w32, w;, v ]1=[6.7230, 6.8256, 0.0008, 0.0046, 0.1707]

Inputs for models' identification are generated as random
values with uniform distribution for all regressors




Maximal values of standard deviations :
O a1 = 0.025, o =(0.009

max,2

Set - point values of x,,x, and steady -state values of u,,u, :

X =15m,x, =12m

u,,, =0.15 m*vm /min, u, _, =0.05 m’ / min

Constraints :
0.1<u,(r)<0.2 m?>vm / min
0<u,(1)<0.1 m’/min
x, (1) <1.8m




Simulation results

NMPC parameters :
Horizon: N =5
Weighting coefficients:
0=0,=10,R =R, =0.1

Design parameters in the algorithm :
0=02,£=0.03,R=70

Initial states of the subsystems :
x,(0)=1.73m, x,(0)=1.6 m
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The persistent stochastic disturbance v (related to the input flow ¢,)
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. W 1 max, 1
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40 60
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Trajectory of the state variable x,
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—distributed
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0 20 40 60 80 100
time instants

Trajectory of the state variable x,



Computational cost per sampling time
(3.10 GHz AMD Ryzen 3 1200 quad-core processor )

Method Aver.age CPU Max%mal CPU
time, s time, s
Distributed GP-NMPC 0.10 0.34
Centralized GP-NMPC 11.54 55.94




e Conclusions

» A suboptimal approach to distributed GP-NMPC is proposed
based on Gaussian process models of the interconnected systems

dynamics. It has a reduced complexity of the on-line
computations and its simple software implementation makes it

attractive for the implementation as embedded control.

» It allows the computation of the suboptimal control inputs to

be done autonomously by the subsystems without the need for

centralized optimization.
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