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1 Distributed MPC versus centralized MPC

Complexity of the centralized solution of NMPC
problems for medium- and large-scale systems

 Complexity of the NLP problem;
 Topology of the plant and data communication;
 Large number of decision variables.

Advantages of the distributed solution of
NMPC problems

 Reducing the original, large size, optimization problem
into a number of smaller and more tractable ones;

 Allows the systems to solve autonomously their local
optimization problems (coordination required for
global optimization).
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Distributed non-cooperative MPC
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Distributed cooperative MPC
(Christofides et al. (2013))



Focus

Distributed cooperative MPC
for nonlinear interconnected systems:

 coupled dynamics;

 decoupled state and input constraints;

 optimizing global cost function.



2 Application of Gaussian processes to the 
modeling of complex dynamic systems

Preliminaries on modeling with Gaussian processes
(Rasmussen & Williams, 2006)
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joint multivariate Gaussian distribution)
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Autoregressive (NARX) model :

Gaussian processes can be used for modelling of 
dynamic systems
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Input z

Output y

Using GP models: in addition to the prediction mean value (full line), we obtain a 
95% confidence region (dotted lines) for the underlying function f.

(Petelin, Grancharova, Kocijan, 2013)
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Assumptions:

• known topology of interactions between 
subsystems;

• uncertainty about the functions hi and the 
disturbances ξi, i= 1, … , M.
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GP - based prediction models of the subsystems :
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The admissible sets   and  are bounded polyhedral sets:
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3 Distributed cooperative MPC based on 
Gaussian process models

Formulation of centralized GP-NMPC problem

Optimal regulation problem

1 2
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Distributed cooperative GP-NMPC by using
dual decomposition

(Grancharova & Johansen, 2014, 2016, 2018)

1) Approximation of the GP-NMPC problem
by a linear MPC problem
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2) Representation and solution of the linear MPC problem 
as a distributed Quadratic Programming problem
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       
 
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, ,

1, 2, , ,
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and of the linear model (7)
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For the - th subsystem :







The QP problem P3 is solved distributedly by 
applying the dual accelerated gradient 

algorithm in Giselsson et al. (2013)

The distribution is enabled by solving the dual
problem to problem P3:

 introducing dual variables for the equality 
constraints;
 introducing dual variables for the inequality
constraints;

An 

Cn 



Dual problem:Dual problem:

0

, 0

0 T T T 1 T T

T 0 T

max ( , , )

Dual cost function:
1

( , , ) ( ) ( )
2

( )

D x

D x A C H A C

Bx G d

 
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 


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


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, 1| , , 2| , 1 , | , 1

(enables distributed iterations of the dual a

[ ( ), , ( ), , ... , ( ),

ccelerated

gradient method)

]i i t t i t i t t i t i t N t i t NS x u

i

x u x u       

Decision variables, associated to the - th subsystem :

     

Dual variables:

 for the equality constraints;

 for the inequality constraints;

Ai
n

i 
Ci

n

i 



Distributed iterations of the dual accelerated 
gradient method (Giselsson et al. (2013))

Distributed iterations of the dual accelerated 
gradient method (Giselsson et al. (2013))
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Remarks:

 Because of the couplings in the dynamics models of the 

subsystems, the computation of the decision variables for the 

i-th subsystem requires to have information about the dual 

variables for the whole system. 

 The update of the dual variables associated to the i-th 

subsystem uses the information about the decision variables 

for the entire system.

 Since there are no couplings in the control input and state 

constraints of the subsystems, the update of the dual variables

for the i-th subsystem requires information only about the 

decision variables for this subsystem. 

r
iS

r

i
rS

i

r
iS



3) Algorithm for distributed GP-NMPC by sequential 
linearization and distributed Quadratic Programming

Based on the search for the Nash equilibrium 
between the interconnected subsystems by applying 

the distributed iterations
(modification of the distributed deterministic NMPC algorithm in 

Grancharova et al. (2016))

2 1

The iterations terminate if:

| ( , ) ( , ) | , 1, ... ,i iJ U x J U x i M   

1 2

1 2

, the control input trajectories for the subsystems
 obtained in two sequential iterations in the outer loop

( , ) , ( , ) the local cost function valuesi i

U U

J U x J U x







Algorithm:Algorithm:
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Communication between the distributed MPC controllers



4 Numerical Example

System description - combined sewer networks
(Marinaki & Papageorgiou, 2005; Schütze & Beck, 2002)

 collect domestic and industrial sewage as well as rainwater 

drainage;

 distributed systems that consist of pipes, sewer stretches 
(in-line storage), retention reservoirs (off-line storage) with 
overflow capabilities, and nodes for merging of flows from 
different catchments;

 at rain events, the whole retention capacity of all reservoirs is 
used; during dry weather conditions, the sewer storage 
capacities can be used for the smoothing of peak discharges 
towards the wastewater treatment plant.



S1 S2

1 2

1

h h

1

2
3

k

The concept of interacting reservoirs for simplified modelling of 
relatively flat sewers where backwater phenomena may occur
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1 1 1 2 1
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   


   


   

  

Mathematical model :

1 2

1 2

1 2

1

the continuous time

, the heights of liquid in the tanks

, the cross sectional areas of the tanks

, the volumetric flows

valve characteristic

h h

S S

k



 








First-pricnciples model



1 1 s 1 1 1 2 s 1 1

2 2 s 2 1 1 2 s 2 2

( 1) ( ) ( ) ( ) ( ) ( ) ( )

( 1) ( ) ( ) ( ) ( ) ( ) ( )

h t h t T S k h t h t T S t

h t h t T S k h t h t T S t





    

    

Discrete - time model :

s

2 2
1 2

discrete time, 1 min sampling time

2.3130 m , 2.1048 m

t T

S S

  

 

2 1

1 2

s 1 1

( ) [ ( ), ( )]

( ) [ ( ), ( )]

( ) ( ) ( )

u t t k t

x t h t h t

v t T S t











Control inputs :

States :

Stochastic disturbance :



1 1 1 1 2( 1) ( ) 0.4323 ( ) ( ) ( ) ( )x t x t u t x t x t v t    

Subsystem1 :

2 2 1 1 2 2( 1) ( ) 0.4751 ( ) ( ) ( ) 0.4751 ( )x t x t u t x t x t u t    

Subsystem 2 :

2= (0, 0.02 ) Gaussian disturbancev 

Control goal: maintain the level of sewage in both tanks 
with minimal deviation from the set-point despite of 

input flow variations



2
1, 1| | 1, 1| 1, 1|
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GP - model of subsystem1 :



2
1

1

1
( ( ), ( )) exp ( ( ) ( ))

2

D

p q i i p i q
i

C z t z t v w z t z t


 
   

 


Gaussian covariance function :

Gaussian process model

1 1 1 1 1
1 2 3 1

(based on 1000 training sample

[ , , , ] [0.4275, 0.1989, 0.0005, 1.01 ]

s

7

)

6w w w v  

Estimated hyperparameters
:
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| ~ ( ( ), ( ))

[ , , , ], 0,1, ... , 1
t k t t k t t k t t k t

t k t t k t t k t t k t t k t

x z x x

z x x u u k N

       

      

GP - model of subsystem 2 :



2 2 2 2 2 2
1 2 3 4 1[ , , , , ] [6.7230, 6.8256, 0.0008, 0.0046, 0.1707]w w w w v  

Estimated hyperparameters :

Inputs for models' identification are generated as random 
values with uniform distribution for all regressors



max,1 max,20.025, 0.009  
Maximal values of standard deviations :

1 2 1 2

1,sp 2,sp

2 3
1,sp 2,sp

, ,

1.5 m, 1.2 m

0.15 m m / min , 0.05 m / min

x x u u

x x

u u

 

 

Set - point values of   and steady - state values of   :

2
1

3
2

1

0.1 ( ) 0.2 m m / min

0 ( ) 0.1 m / min

( ) 1.8 m

u t

u t

x t

 

 


Constraints :



Simulation results

1 2 1 2

Horizon: 5

Weighting coefficients:

10, 0.1

N

Q Q R R



   

NMPC parameters :

1 2(0) 1.73 m, (0) 1.6 mx x 
Initial states of the subsystems :

0.2, 0.03, 70R   
Design parameters in the algorithm :



The persistent stochastic disturbance v (related to the input flow φ1)



Trajectory of control input u1



Trajectory of control input u2



Trajectory of the state variable x1



Trajectory of the state variable x2



55.9411.54Centralized GP-NMPC

0.340.10Distributed GP-NMPC

Maximal CPU 
time, s

Average CPU 
time, s

Method

Computational cost per sampling time
(3.10 GHz AMD Ryzen 3 1200 quad-core processor )



5 Conclusions

 A suboptimal approach to distributed GP-NMPC is proposed 

based on Gaussian process models of the interconnected systems 

dynamics. It has a reduced complexity of the on-line 

computations and its simple software implementation makes it 

attractive for the implementation as embedded control.

 It allows the computation of the suboptimal control inputs to 

be done autonomously by the subsystems without the need for 

centralized optimization.
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