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Recalls on Nonlinear Model

Predictive Control (NMPC)



NMPC ← Definition

k k + N

Predicted state profile x(·)

xk

xt+1 = f (xt , ut)

Candidate control profile uk

umin

umax

Prediction horizon

u0

u1

∀ candidate control sequence

uk := (u0, . . . , uN−1)

a cost can be predicted

J(uk | xk)
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NMPC ← Definition

k k + N

Predicted state profile x(·)

xk

xt+1 = f (xt , ut)

Cost function

Candidate control profile uk

umin

umax

Prediction horizon

Optimal sequence

u0
u1

∀ candidate control sequence

uk := (u0, . . . , uN−1)

a cost can be predicted

J(uk | xk)
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NMPC ← Definition

k k + N

Predicted state profile x(·)

xk

xt+1 = f (xt , ut)

Cost function

Candidate control profile uk

umin

umax

Prediction horizon

Optimal sequence

u0
u1

∀ candidate control sequence

uk := (u0, . . . , uN−1)

a cost can be predicted

J(uk | xk)

uk = u󰂏0 (xk) where

J(u󰂏 | xk) = min
u∈U(x)

J(u | xk)

MPC feedback
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NMPC ← The Receding-horizon principle in action

k k + N

Predicted state profile x(·)

Control profile u(·)
Prediction horizon
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k k + N

Predicted state profile x(·)

Control profile u(·)
Prediction horizon

xk

u󰂏(xk )

Mazen Alamir SAGIP / CT-CPNL Scientific Day, November 16th 2023, Valence, France. 3/25



NMPC ← The Receding-horizon principle in action

k k + N

Predicted state profile x(·)

Control profile u(·)
Prediction horizon

xk

u󰂏(xk )

u󰂏
0 (xk )

Mazen Alamir SAGIP / CT-CPNL Scientific Day, November 16th 2023, Valence, France. 3/25



NMPC ← The Receding-horizon principle in action

k k + Nk + 1

Predicted state profile x(·)

Control profile u(·)
Prediction horizon

xk+1

xk

u󰂏(xk+1)

u󰂏
0 (xk+1)
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NMPC ← The Receding-horizon principle in action

k k + Nk + 1

Predicted state profile x(·)

Control profile u(·)

xk+2

xk

Prediction horizon

xk+1
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NMPC ← The Receding-horizon principle in action

k k + Nk + 1

Predicted state profile x(·)

Control profile u(·)

xk+2

xk

Prediction horizon

xk+1

󰃀 At each updating instant

󰃀 The prediction horizon is shifted

󰃀 A new optimization problem is defined

󰃀 and solved

󰃀 The first action is applied

󰃀 until the next updating instant

󰃀 The process is repeated

󰃀 . . .
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󰃀 A new optimization problem is defined
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󰃀 The first action is applied

󰃀 until the next updating instant

󰃀 The process is repeated

󰃀 . . .

--- Real-Time Agnostic definition ---

No reference to computation time!
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NMPC ← The Receding-horizon principle in action

k k + Nk + 1

Predicted state profile x(·)

Control profile u(·)

xk+2

xk

Prediction horizon

xk+1

󰃀 At each updating instant

󰃀 The prediction horizon is shifted

󰃀 A new optimization problem is defined

󰃀 and solved

󰃀 The first action is applied

󰃀 until the next updating instant

󰃀 The process is repeated

󰃀 . . .

--- Real-Time Agnostic definition ---

No reference to computation time!

We’ll come back to this later. . .

let’s first examine the optimization problem!
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NMPC ← The formulations

More precisely . . .
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NMPC ← The formulations

min
u

󰁫
Ψ(xk+N) +

N󰁛

i=1

ℓ(xk+i , uk+i−1)
󰁬

under

󰀏󰀏󰀏󰀏󰀏󰀏󰀏

xk+N ∈ Xf

xk+i ∈ X
uk+i−1 ∈ U

† where Ψ is a control-Lyapunov-function inside Xf .
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† where Ψ is a control-Lyapunov-function inside Xf .

(Ψ,Xf ) almost impossible

to compute for real-life

systems

Never used outside

academic toy examples!

Mazen Alamir SAGIP / CT-CPNL Scientific Day, November 16th 2023, Valence, France. 5/25



NMPC ← The formulations

min
u

󰁫
Ψ(xk+N) +

N󰁛

i=1

ℓ(xk+i , uk+i−1)
󰁬

under

󰀏󰀏󰀏󰀏󰀏󰀏󰀏

xk+N ∈ Xf

xk+i ∈ X
uk+i−1 ∈ U

† where Ψ is a control-Lyapunov-function inside Xf .

(Ψ,Xf ) almost impossible

to compute for real-life

systems

Never used outside

academic toy examples!

Don’t even try!
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NMPC ← The formulations

min
(u,q)

󰁫
α

q
min
i=1

W (xk+ℓ) + z

q󰁛

i=1

ℓ(xk+i , uk+i−1)
󰁬

under

󰀏󰀏󰀏󰀏󰀏
(u, q) ∈ Uq × {1, . . . ,N}
xk+ℓ ∈ X

where z is an internal state of the controller

󰃀 Contractive formulations

󰃀 Prediction horizon is a

decision variable.

Level surface of W

Accept transient increase of the

cost function

→ multi-step Lyapunov function
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NMPC ← The formulations

min
u

󰀥
N󰁛

i=1

[i/N]mℓ(xk+i , uk+i−1)

󰀦

under

󰀏󰀏󰀏󰀏󰀏
u ∈ UN

xk+ℓ ∈ X

where m ∈ N

󰃀 Enhances stability with

short prediction horizons

→ a smoother version o f the

terminal state constraints
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NMPC ← The formulations

min
u

γ
󰁫
ℓk+N + ρd∆k+N

󰁬
+

N󰁛

i=1

󰁫
ℓk+i + ρd∆k+i

󰁬

under

󰀏󰀏󰀏󰀏󰀏
u ∈ UN

xk+ℓ ∈ X

where ∆k := 󰀂xk − xk−1󰀂

󰃀 Economic MPC

󰃀 Standard proof of stability
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Does the formulation matter?

Question: Does the formulation really matter?
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The impact of formulations!
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The impact of formulations!
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Does the formulation matter?

Question: Does the formulation really matter?

Answer: Of course!
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A single parameterized formulation

Standard
󰁫
Ψ(xk+N) +

N󰁛

i=1

ℓk+i

󰁬
s.t cj (xk+i , uk+i−1) ≤ 0

Economic γ
󰁫
ℓk+N + ρd∆k+N

󰁬
+

N󰁛

i=1

󰁫
ℓk+i + ρd∆k+i

󰁬
s.t cj (xk+i , uk+i−1) ≤ 0

Variable weight
󰁫 N󰁛

i=1

[i/N]mℓ(xk+i , uk+i−1)
󰁬

s.t cj (xk+i , uk+i−1) ≤ 0
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󰁬
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Variable weight
󰁫 N󰁛

i=1

[i/N]mℓ(xk+i , uk+i−1)
󰁬

s.t cj (xk+i , uk+i−1) ≤ 0

min
u

󰀥
ρfΨ(xk+N , ρd∆k+N) +

N󰁛

i=1

[i/N]m
󰁫
ℓk+i + ρd∆k+i

󰁬

+ ρcstr
nc

max
j=1

󰀇
cj(xk+i , uk+i−1)

󰀈
+

󰀦

Unified structure parameterized by ρf , ρd ,m, ρcstr,N
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A single parameterized formulation

How to choose the parameters of the formulation?

󰃀 Constraints must be respected over the closed-loop trajectory

󰃀 Closed-loop stability should be guaranteed

󰃀 The feedback must be real-time implementable
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A single parameterized formulation

How to choose the parameters of the formulation?

󰃀 Constraints must be respected over the closed-loop trajectory

󰃀 Closed-loop stability should be guaranteed

󰃀 The feedback must be real-time implementable ← see next

min
u

󰀥
ρfΨ(xk+N , ρd∆k+N) +

N󰁛

i=1
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Real-Time considerations



MPC: The Control Updating Period τu

ttk tk + Ttk−1

xk−1

prediction horizon

τu
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MPC: The Control Updating Period τu

ttk tk + Ttk−1

xk−1

x̃k (predicted)

prediction horizon

τu

1. Predict x̃k (cpu-negligible)

2. During [tk−1, tk ] Compute u󰂏(x̃k )
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ttk tk + Ttk−1

xk−1

x̃k (predicted)

prediction horizon

τu

1. Predict x̃k (cpu-negligible)

2. During [tk−1, tk ] Compute u󰂏(x̃k )

→ Number of iterations during τu :

max iter ≤
󰀙
τu

τc

󰀚

τc : the cpu-cost of a single iteration!
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MPC: The Control Updating Period τu

ttk tk + Ttk−1

xk−1

x̃k (predicted)

prediction horizon

τu

1. Predict x̃k (cpu-negligible)

2. During [tk−1, tk ] Compute u󰂏(x̃k )

→ Number of iterations during τu :

max iter ≤
󰀙
τu

τc

󰀚

τc : the cpu-cost of a single iteration!

↓

τu is a highly impacting implemen-

tation setting choice.
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Implementation options

τu The updating period.

τ Basic sampling period†

† Largest τ making RK(τ) appropriate

τu = κτ κ ∈ N
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Implementation options

τu The updating period.

τ Basic sampling period†

† Largest τ making RK(τ) appropriate

τu = κτ κ ∈ N

→ Instead of κ × RK(τ),

→ use
󰀓
n steps × RK( τu

n steps
)
󰀔
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τu The updating period.

τ Basic sampling period†

† Largest τ making RK(τ) appropriate

τu = κτ κ ∈ N

→ Instead of κ × RK(τ),

→ use
󰀓
n steps × RK( τu

n steps
)
󰀔

Use reduced control horizon leading to

n control×nu d.o.f.
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Implementation options

τu The updating period.

τ Basic sampling period†

† Largest τ making RK(τ) appropriate

τu = κτ κ ∈ N

→ Instead of κ × RK(τ),

→ use
󰀓
n steps × RK( τu

n steps
)
󰀔

Use reduced control horizon leading to

n control×nu d.o.f.

Choose the maximum number of iterations:

max iter (≤
󰁭

κτ
τc

󰁮
)
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Implementation options

τu The updating period.
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→ Instead of κ × RK(τ),
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󰀓
n steps × RK( τu

n steps
)
󰀔

Use reduced control horizon leading to

n control×nu d.o.f.

Choose the maximum number of iterations:

max iter (≤
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󰁮
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Notice that τc = F (n step, n control,Npred)

where the prediction horizon in given by:

Tp = Npred × τu
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Implementation options

τu The updating period.

τ Basic sampling period†

† Largest τ making RK(τ) appropriate

τu = κτ κ ∈ N

→ Instead of κ × RK(τ),

→ use
󰀓
n steps × RK( τu

n steps
)
󰀔

Use reduced control horizon leading to

n control×nu d.o.f.

Choose the maximum number of iterations:

max iter (≤
󰁭

κτ
τc

󰁮
)

Notice that τc = F (n step, n control,Npred)

where the prediction horizon in given by:

Tp = Npred × τu

⇒ NMPC setting parameters:

π :=

󰀵

󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀷

κ

n steps

n control

max iter

Npred

ρf

ρcstr

ρd

m

󰀶

󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀸

in the forthcoming results: ρd = m = 0

for historical reasons :-)
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Design of NMPC setting



Design of NMPC setting: Problem statement

Given the following items:

󰃀 Problem ingredients: (dynamics, constraints,

Ψ,ℓ
󰁽 󰂀󰁿 󰁾
parameterized cost)

󰃀 An admissible set Π := [π, π̄];

󰃀 A computation targeted device (charcaterized by dev acc)

󰃀 A given optimization algorithm,

Problem Statement
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parameterized cost)

󰃀 An admissible set Π := [π, π̄];

󰃀 A computation targeted device (charcaterized by dev acc)

󰃀 A given optimization algorithm,

Derive a tractable heuristic that:

󰃀 Either yields a rational choice of the vector of parameters π

addressing stability, constraints satisfaction and real-time

implementability concerns;

Problem Statement
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󰃀 A given optimization algorithm,

Derive a tractable heuristic that:

󰃀 Either yields a rational choice of the vector of parameters π

addressing stability, constraints satisfaction and real-time

implementability concerns;

󰃀 Or it suggests that these requirements cannot be met given the

data of the problem.
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Design of NMPC setting: Problem statement

Given the following items:

󰃀 Problem ingredients: (dynamics, constraints,

Ψ,ℓ
󰁽 󰂀󰁿 󰁾
parameterized cost)

󰃀 An admissible set Π := [π, π̄];

󰃀 A computation targeted device (charcaterized by dev acc)

󰃀 A given optimization algorithm,

Derive a tractable heuristic that:

󰃀 Either yields a rational choice of the vector of parameters π

addressing stability, constraints satisfaction and real-time

implementability concerns;

󰃀 Or it suggests that these requirements cannot be met given the

data of the problem.

Problem Statement

What does this precisely

mean?
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Design of NMPC setting: Problem Statement

Find a design parameter vector π s.t.

over a sufficiently rich set of scenar-

ios A, an K -steps closed-loop tra-

jectories under the π-corresponding

NMPC satisfy for all sc∈ A: π :=

󰀵

󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀷

κ

n steps

n control

max iter

Npred

ρf
ρcstr

󰀶

󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀸
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Design of NMPC setting: Problem Statement

Find a design parameter vector π s.t.

over a sufficiently rich set of scenar-

ios A, an K -steps closed-loop tra-

jectories under the π-corresponding

NMPC satisfy for all sc∈ A:

RT-feasibility

CRT (π|sc) := max
k=1,...,K

󰀙
τsolver

τu
(k)− dev acc

󰀚

+

= 0

————————————

π :=

󰀵

󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀷

κ

n steps

n control

max iter

Npred

ρf
ρcstr

󰀶

󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀸
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Design of NMPC setting: Problem Statement
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What is a scenario?

A scenario sc is an instance of the necessary information needed to

perform a closed-loop simulation should the NMPC setting π be given!
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sc :=

󰀵

󰀹󰀷
x0
p

q

󰀶

󰀺󰀸

x0 Initial state vector

p Model’s parameter vector

q Exogenous/context items’ vector

(set-points, observed quantities, disturbance, etc.)
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What is a sufficiently rich set of scenarios A?

This is conditioned by:

󰃀 An appropriate sampling of (x0, p, q) inside their sets of possibilities

󰃀 A sufficiently high number n samples of instances
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What is a sufficiently rich set of scenarios A?

This is conditioned by:

󰃀 An appropriate sampling of (x0, p, q) inside their sets of possibilities

󰃀 A sufficiently high number n samples of instances

The values of n samples

needed to be confident at

(1-δ)100% that the

properties are satisfied with a

probability greater than

(1-η)100%

[Alamo et al. Randomized strategies for probilistic solution of uncertain feasibility ans optimization problems, IEEE TAC, 2009]
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Design of NMPC setting: Principle & Difficulties

Principle

󰃀 (π, sc) ∈ Π×A → successful or not!

󰃀 π is eligible if successful on all sc in A
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The MPC tuner package



The MPC tunner package: An overview

https://github.com/mazenalamir/MPC tuner
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The MPC tunner package: A use-case

ÿ = −u1 sin θ + p1u2 cos θ

z̈ = u1 cos θ + p1u2 sin θ − 1

θ̈ = p2u2
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x := (y , z, θ, ẏ , ż, θ̇)

xd := (q1, q2, 0, . . . , 0)

ℓ := 󰀂x − xd󰀂2
Q + 󰀂u − ud󰀂2

R

Ψ := ρf 󰀂x − xd󰀂Q

γ := 0.98,

u ∈ [−50,+50]2

|θ̇| ≤ 1 and |θ| ≤ π

τ = 0.02
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Results: Admissible design settings

Results of two different runs of the Design MPC for two targeted

device dev acc=1 and dev acc=2.

Both use 100 sampled candidate design settings.

card(A) = 270 > Ncertification(η = 0.05, δ = 10−3) = 264
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5% dev acc=1

13% dev acc=2

Small portion of configurations is eligible

Mazen Alamir SAGIP / CT-CPNL Scientific Day, November 16th 2023, Valence, France. 23/25



Results: Admissible design settings

Results of two different runs of the Design MPC for two targeted

device dev acc=1 and dev acc=2.

Both use 100 sampled candidate design settings.

card(A) = 270 > Ncertification(η = 0.05, δ = 10−3) = 264

Recall that random sampling of

ρf ∈ [1, 1000]

is applied but only rather small values appear

in the resulting admissible settings.

High values of ρf lead to unfeasibility

Mazen Alamir SAGIP / CT-CPNL Scientific Day, November 16th 2023, Valence, France. 23/25



Results: Admissible design settings

Results of two different runs of the Design MPC for two targeted

device dev acc=1 and dev acc=2.

Both use 100 sampled candidate design settings.

card(A) = 270 > Ncertification(η = 0.05, δ = 10−3) = 264

Recall that random sampling of

ρf ∈ [1, 1000]

is applied but only rather small values appear

in the resulting admissible settings.

High values of ρf lead to unfeasibility

Only high values of ρcstr appear in the admis-

sible settings

High values of ρcstr are necessary

Mazen Alamir SAGIP / CT-CPNL Scientific Day, November 16th 2023, Valence, France. 23/25



Results: Admissible design settings

Results of two different runs of the Design MPC for two targeted

device dev acc=1 and dev acc=2.

Both use 100 sampled candidate design settings.

card(A) = 270 > Ncertification(η = 0.05, δ = 10−3) = 264

Recall that random sampling of
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is applied but only rather small values appear

in the resulting admissible settings.

High values of ρf lead to unfeasibility

Only high values of ρcstr appear in the admis-

sible settings

High values of ρcstr are necessary

⇒ The scenarios are constraints-challenging
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Results of two different runs of the Design MPC for two targeted

device dev acc=1 and dev acc=2.

Both use 100 sampled candidate design settings.

card(A) = 270 > Ncertification(η = 0.05, δ = 10−3) = 264

Increasing dev acc increases the number of

eligible configurations!

Impact of dev acc

Npred ∈ [0.2, 1.26] dev acc=1

Npred ∈ [0.48, 3.24] dev acc=2

Large eligible possibilities of prediction horizons
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The MPC tuner package: Conclusion and future extensions

https://github.com/mazenalamir/MPC tuner

󰃀 Design of NMPC setting: A Relevant problem!
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󰃀 Design of NMPC setting: A Relevant problem!

Any of the discarded settings can be an intuitive choice of someone!

󰃀 The freely available MPC tuner is a first step!

Any comment or suggestion is more than welcome!

󰃀 Extension 1: Include fast-gradient option.

󰃀 Extension 2: Include other solvers inside CasADi

The current implementation uses exclusively IpOpt

󰃀 Extension 3: Include time varying weighting and

penalties on the state excursion.

󰃀 Extension 4: Accelerate the heuristic using ML!

Each example needed ≈ 1hr under MacBook Pro,2.4GHz intel Corei9
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