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Introduction

Model Predictive Control

MPC over horizon Np: at time k, solve

min
u

Jpy, uq with

$

’

&

’

%

xi`1 “ fpxi, uiq

pu, xq P X

xk

Past Trajectory

Predicted Trajectory

Initial State

Bounds

t
¨ ¨ ¨ k ´ 1 k k ` 1 ¨ ¨ ¨ k ` Np

2 / 23 Alexandre F.B. et al. Maintaining a relevant dataset for data-driven MPC using Willems’ fundamental lemma extensions



Introduction

Data-Driven MPC?

Data-Driven MPC over horizon Np: at time k, solve

min
u

Jpy, uq with

�
���

���
���$

’

&

’

%

xi`1 “ fpxi, uiq

pu, xq P X

xk

Data! but which and how?
pu, yq P X
Initial Conditions?

Past Trajectory

Predicted Trajectory
Bounds

t
¨ ¨ ¨ k ´ 1 k k ` 1 ¨ ¨ ¨ k ` Np

3 / 23 Alexandre F.B. et al. Maintaining a relevant dataset for data-driven MPC using Willems’ fundamental lemma extensions



Summary

Outline

1 Data-Based System Representation
In the Behavioral Framework
A Complete Trajectory Collection

2 Data-Driven MPC for Non-Linear Systems
Data-Driven MPC
Experiments and Limits

3 Contribution: Data Management
Input Excitation Criterion
Second dataset
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Data-Based System Representation In the Behavioral Framework

Trajectory

In the behavioral framework, a system is a set of trajectories.
Let system S, with input u and output y.

Definition (Trajectory)

Let τL a sequence of L samples of pu, yq: τL “

„

urk,k`L´1s

yrk,k`L´1s

ȷ

.

τL is a trajectory of S when consistent with S behaviour.
We write: τL P S|L

Let SL a LTI system: we have SL|L Ď pRnu`ny qL

We can arrange a collection of trajectories pτL,iqi“t1...Nu as a matrix:

TL “
“

τL,1 τL,2 ¨ ¨ ¨ τL,N

‰

and then
ImpTLq Ď S|L
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Data-Based System Representation A Complete Trajectory Collection

The Hankel Matrix

With L “ 3 and N “ 7:

HLpzrk,k`N´1sq “

zk`0 zk`1 zk`2 zk`3 zk`4

zk`1 zk`2 zk`3 zk`4 zk`5

zk`2 zk`3 zk`4 zk`5 zk`6

¨

˚

˚

˝

˛

‹

‹

‚

z

t
k ` 0 k ` 1 k ` 2 k ` 3 k ` 4 k ` 5 k ` 6
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Data-Based System Representation A Complete Trajectory Collection

Collection from a Single Trajectory

Take pud, ydq P SL|N , with N ě L.

‚ TL “

„

HLpudq

HLpydq

ȷ

is a “trajectory collection” matrix: ImpTLq Ď SL|L

‚ Can we have ImpTLq “ SL|L?
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Data-Based System Representation A Complete Trajectory Collection

Willems’ Lemma

Theorem (Willems et al. 2005)

Let SL a LTI, controllable system of order nx. Let pud, ydq P SL|N , with
ud Persistently Exciting of order L ` nx. Then:

„

u
y

ȷ

P SL|L ðñ Dα P RN´L`1,

„

u
y

ȷ

“

„

HLpudq

HLpydq

ȷ

α

Criterion (Persistence of Excitation)

ud, with ud
k P Rnu , is Persistently Exciting of order K if:

rankpHKpudqq “ Knu

Shorthand: PEpudq “ K
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Data-Based System Representation A Complete Trajectory Collection

Linear vs Affine

x

fpxq

ˆ

ˆ
ˆ

Data

f̂ℓpxq

Figure 1: Linear approximation

x

fpxq

ˆ

ˆ
ˆ

Data

f̂apxq

Figure 2: Affine approximation

}f̂ℓ ´ f} ą }f̂a ´ f}
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Data-Based System Representation A Complete Trajectory Collection

Willems’ Lemma for Affine Systems

Theorem (Berberich et al. 2022, based on Willems et al. 2005)

Let SA an affine, controllable system of order nx. Let pud, ydq P SA|N , with
PEpudq “ L ` nx`1 Then:

„

u
y

ȷ

P SA|L ðñ Dα P RN´L`1,

$

’

&

’

%

«

u

y

ff

“

«

HLpudq

HLpydq

ff

α

ř

i αi “ 1

Definition (Affine system)

An affine system SA is like a LTI system with constant disturbance:
#

xk`1 “ Axk ` Buk`e

yk “ Cxk ` Duk`r
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Data-Driven MPC for Non-Linear Systems Data-Driven MPC

Data-Driven Model Predictive Control

Data-Driven MPC over horizon Np: at time k, solve

min
u

Jpy, uq with

$

’

&

’

%

pu, yq P SA|Lpud, ydq

pu, yq P X

puini, yiniq

Predicted Trajectory
Initial Conditions Bounds

t
k ´ nx

¨ ¨ ¨ k ´ 1 k k ` 1 ¨ ¨ ¨ k ` Np

Data?
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Data-Driven MPC for Non-Linear Systems Experiments and Limits

Experimental Setup

Output
Ports

Input
Ports

Fan
Control

Heating
Control

Airflow

Temperature

quadprog()

Data
Management

nx last
samples

u

y

yud, yd

uini, yini

u
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Data-Driven MPC for Non-Linear Systems Experiments and Limits

Experiment 1
Basic Data Choice

At time k, take last N samples for ud, yd

Predicted TrajectoryData

Initial Conditions

Bounds

t
k ´ N ¨ ¨ ¨ k ´ 1 k k ` 1 ¨ ¨ ¨ k ` Np
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Data-Driven MPC for Non-Linear Systems Experiments and Limits

Experiment 1
Need for Excitation
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Data-Driven MPC for Non-Linear Systems Experiments and Limits

Experiment 2
Existing Heuristic1

Update ud, yd until }y ´ ys} ď ε (steady state attained)

Data

Initial Conditions

t
kd ´ N ¨ ¨ ¨ kd ´ 1 ¨ ¨ ¨ k ´ 1 k

Steady
State

1Baros et al. 2022; Berberich et al. 2021, 2022.
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Data-Driven MPC for Non-Linear Systems Experiments and Limits

Experiment 2
Need for Updates
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Contribution: Data Management Input Excitation Criterion

Data Management
What about noise?

‚ We would like to keep pud, ydq updated...
‚ Proposed heuristic: update ud, yd whenever urk´N,k´1s is PE

‚ Matrix rank criterion not suited to noisy data (can give bad SNR)
ãÑ Data updated too often... To avoid this:

Criterion (PE)

PEpudq “ K:

rankpHKpudqq “ nuˆK

ùñ

Criterion (“Enough” PE)

PEpudq “ K:

σminpHKpudqq ě ς

σminp¨q smallest singular value
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Contribution: Data Management Input Excitation Criterion

Experiment 3: Unique Dataset
(Sometimes) Improved Performance
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Contribution: Data Management Second dataset

Data Management
Problem and Solution

‚ Conflict:

‚ Problem (Control)
ud close to setpoint

ùñ Experiment 1: ud not PE anymore

‚ Theorem (Willems’ Lemma)
ud is PE ùñ it works

ùñ Experiment 2: ud not close enough

‚ Proposed approach: combine 2 datasets
‚ pud

ℓ , yd
ℓ q PE

‚ pud
a, yd

aq tracking the operating point
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Contribution: Data Management Second dataset

Two datasets

x

fpxq

ˆ

ˆ
PE Data

f̂ℓpxq

Figure 3: PE dataset: "slope"

x

fpxqˆ

Recent data

f̂pxq

Figure 4: Recent dataset: "Offset"
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Contribution: Data Management Second dataset

Experiment 4: Combined Datasets
Improved Performance
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Contribution: Data Management Second dataset

Experiment 4: Combined Datasets
Improved Performance

21 / 23 Alexandre F.B. et al. Maintaining a relevant dataset for data-driven MPC using Willems’ fundamental lemma extensions



Contribution: Data Management Perspectives

Limits & Ongoing Work

‚ Choice of threshold ς not easy
‚ Compromise: excitation (good SNR) or novelty (better fit –hopefully)?
‚ May change with setpoint...

‚ Limited complexity impact
‚ Hopefully: stability guarantee2

2extending the result of Berberich et al. 2022
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Conclusion

Takeaway Messages

1 2 datasets ùñ 2 desired properties
2 Singular value threshold for good SNR

PE Data Recent Data

Initial Conditions

t
kd ´ N ¨ ¨ ¨ kd ´ 1 ¨ ¨ ¨ k ´ 1 k

Last
PE input
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*Appendix

Complexity

‚ Algorithm complexity:
‚ SVD of M P Rnˆm: Opmn minpm, nqq

‚ quadprog(H,f) with fP Rp: at best Opp3q

ãÑ SVD has limited impact
‚ Optimized variable (1 dataset): α1 P RN´L`1

‚ dimpα1q “ N ´ L ` 1 ě pL ` nx ` 1qnu (see PE criterion)
ãÑ Complexity OpN3q or OpL3q

‚ Optimized variable (2 datasets): α2 P RNa`Nℓ´2L`2

‚ Nℓ ´ L ` 1 ą pL ` nx ` 1qnu as before
‚ Na ě L

ãÑ dimpα2q ě pL ` nx ` 1qnu ` 1
ãÑ No big change
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*Appendix More Plots

Experiment 1b
Some fails
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Figure 5: Data continuously updated.
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*Appendix More Plots

Experiment 3b
Similar Performance
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Figure 6: Left: Data frozen at the first setpoint. Right: Update according to criterion.
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*Appendix More Equations

Notations

‚ Given a vector z P Rnz :
‚ zk the value of z at time k

‚ zrk,k`ℓs “

¨

˚

˚

˚

˝

zk

zk`1
...

zk`ℓ

˛

‹

‹

‹

‚

P Rpℓ`1qnz the "stacked window"

‚ zkptq predicted/calculated value of zt`k from information available at time t
ãÑ zrk1,k2sptq “what to expect over the time span rt ` k1, t ` k2s, based on

knowledge at time t”
‚ Given a matrix M ą 0 and a vector z: }z}2

M :“ zJMz

‚ b is the Kronecker product
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*Appendix More Equations

Data-Driven Model Predictive Control
MPC + Willems’ Lemma

Problem (Stabilization of S close to yr, see Berberich et al. 2022)

At each time k, solve

min
α,us,ys

›

›

›

›

„

ū
ȳ

ȷ

´

„

1 b us

1 b ys

ȷ›

›

›

›

2

P

` }ys ´ yr}2
S

with ud “ urk´N,k´1s, yd “ yrk´N,k´1s and

Willems’ Lemma
$

’

&

’

%

«

ū

ȳ

ff

“

«

HLpudq

HLpydq

ff

α

ř

i αi “ 1

Initial conditions
„

ūr´n,´1s

ȳr´n,´1s

ȷ

“

„

urk´n,k´1s

yrk´n,k´1s

ȷ

Terminal constraint
„

ūrNp´n,Nps

ȳrNp´n,Nps

ȷ

“

„

1 b us

1 b ys

ȷ

Apply uk “ ū0pkq.
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*Appendix More Equations

Data-Driven Model Predictive Control

Problem (Stabilization of S close to yr, see Berberich et al. 2022)

At each time k, solve

min
α,ws

}w̄ ´ 1 b ws}
2
P ` }ys ´ yr}2

S

with
„

w̄
1

ȷ

“

„

HLpwdq

1J

ȷ

α and
#

HL,initpw
dqα “ wrk´n,k´1s

HL,endpwdqα “ 1 b ws

Apply uk “ ū0pkq.

Notation: w “

„

u
y

ȷ

, HLpwdq “

„

HLpudq

HLpydq

ȷ
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*Appendix More Equations

Data-Driven Model Predictive Control: Two Datasets

Problem
At each time k, solve

min
α,ws

}w̄ ´ 1 b ws}
2
P ` }ys ´ yr}2

S

with
»

–

HLpwd
ℓ q HLpwd

aq

0J 1J

1J 0J

fi

fl α“

»

–

w̄
1
0

fi

fl (1)

“

HLpwd
ℓ q HLpwd

aq
‰

init
α“ wrk´n,k´1s (2)

“

HLpwd
ℓ q HLpwd

aq
‰

end
α“ 1 b ws (3)
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